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Abstract 

Using the spectral subspaces obtained in HS , Brown's results (of. [Brop on the Brown 
measure of an operator in a type IIi factor (M, r) are generalized to finite sets of commuting 
operators in M. It is shown that whenever Ti, . . . , T„ e M are mutually commuting opera- 
tors, there exists one and only one compactly supported Borel probability measure /^Ti,...,t„ 
on IB(C") such that for all ai, . . . , a„ G C, 

T(log \aiTi H h a„r„ - 1|) = / log|aiZi H h a„z„ - 1| d^Ti,...,T„ (2^1, ■ • ■ ,2„). 

Moreover, for every polynomial g in n commuting variables, A'g(Ti,...,T„) is the push-forward 
measure of /iTi,....T„ via the map q : C" — > C. 

In addition it is shown that, as in |HS| . for every Borelset B C C" there is a maximal 
closed Ti-,..., T„-invariant subspace X affiliated with M, such that MTi|3c,...,t„|3c is concen- 
trated on B. Moreover, t{Pjc) = MTi,....t„(S). This generalizes the main result from |HSj to 
n-tuples of commuting operators in M. 



1 Introduction. 

In |Broj Brown showed that for every operator T in a type IIi factor (M, r) there is one and 
only one compactly supported Borel probability measure on C, the Brown measure of T, 
such that for all A G C, 



r(log|T-Al|) = / log|z-A|d/iT(^). 
Jc 



In |HSj it was shown that given T G M and B G IB(C), there is a maximal closed T-invariant 
projection P = Pt{B) £ M, such that the Brown measure of FTP (considered as an element of 
PMP) is concentrated on B. Moreover, Pt{B) is hyperinvariant for T, 

T{PTm = MB), (1.1) 

and the Brown measure of P^TP^ (considered as an element of P-^JAP-^) is concentrated on 

In particular, if S*, T G M are commuting operators and A,Be B(C), then Ps{A) A Pt{B) is 5- 
and T-invariant. Thus, it is tempting to define a Brown measure for the pair (S,T), ^s,T, by 

fis,T{AxB)=T{Ps{A)APT{B)), A,BeM{C). (1.2) 



*As a student of the PhD-school OP-ALG-TOP-GEO the author is partially supported by the Danish Research 
Training Council. 
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In order to show that fis^T extends (uniquely) to a Borel probabiUty measure on C^, we introduce 
the notion of an idempotent valued measure (cf. section 3), and for T G M and B G M(C) we 
define an unbounded idempotent affihated with M, exiB), by I'(er(-B)) = Xt{B) + XriB'^) 
and 

"10, e G "^rm ^ ^ ^ 

(cf. section 3). We prove that the map B ^ exiB) is an idempotent valued measure and this 
enables us to show that ^s,T given by H1.2|) has an extension to a measure on (cf. section 4). 
As in |HSj we also prove the existence of spectral subspaces for a set of commuting operators in 
M. In the case of two commuting operators 5, T G M, we show that for B G B(C^) there is a 
maximal 5- and T-invariant projection P £ J'(M), such that A*5|p(5<;),r|p(5f) (computed relative 
to PMP) is concentrated on B. In the case where B = Bi x B2, -61,-62 G ]B(C), P is simply 
the intersection Ps{Bi) A Pt{B2) (cf. section 5). 

Finally, in section 6 we show that ^s,T has a characterization similar to the one given by Brown in 
|Broj . That is, we show that ^s,T is the unique compactly supported Borel probability measure 
on B(C2) such that for all a, /? G C, 

r(log |a5 + /3T — 1|) = / \og\az + fiw — l\d^s,T{z-,w), 

and there is a similar characterization of the Brown measure of an arbitrary finite set of com- 
muting operators. In particular, fiaS+pT is the push-forward measure of ij,s,t via the map 
{z, w) ^ az + (3w. In fact we can show that for every polynomial q in two commuting variables, 
l^q{S,T) is the push-forward measure of ^s,T via the map g : — > C. All this can (and will) be 
generalized to arbitrary finite sets of mutually commuting operators. 



Section 2 is devoted to a summary of |Nej in which we recall the definition of the measure 
topology on M and how the closure of M w.r.t. the measure topology may be identified with 
the set of closed, densely defined operators affiliated with M. Afterwards we focus our attention 
on the set of unbounded idempotents affiliated with M, J(M). We prove that these are in one- 
to-one correspondence with pairs of projections P, Q G M with P A Q = and P V Q = 1. 
More precisely, when E is a closed, densely defined, unbounded operator affilated with M with 
E ■ E = E, then P, the range projection of E, and Q, the projection onto the kernel of E, satisfy 
that P A Q = and P V Q = 1. Moreover, ViE) = P{^) + Q{^), and E is given by 

Vice versa, when P, Q G M with P AQ = and P \/ Q = 1, then (|1.4jl defines a closed, densely 
defined, unbounded operator affilated with M with E ■ E = E. In particular, ()1.3p defines a 
closed, densely defined idempotent affilated with M. In section 2 it is also shown that J(M) 
is stable w.r.t. addition of countably many idempotents {En)^=i with EnEm = E^En = 0, 
n ^ m. These are results which are needed in the succeeding sections. 

Aknowledgements. Part of this work was carried out while I visited the UCLA Department of 
Mathematics. I want to thank the department, and especially the Operator Algebra Group, 
for their hospitality. I also thank my advisor, Uffe Haagerup, with whom I had enlightening 
discussions about this work. 
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2 Idempotents in M. 



We begin this section with a summary of E. Nelson's "Notes on non-commutative integration" 
|Nej . We consider a finite von Neumann algebra M represented on a Hilbert space !K and we fix 
a faithful, normal, tracial state r on M. We let J'(M) denote the set of projections in M. 

Nelson defines the measure topology on M as follows: For e,6 > 0, let 

N(e, 6) ={T €M\3P € a'(M) : \\TP\\ < e, t(P^) < 6}. 

The measure topology on M is then the translation invariant topology on M for which the 
N(e, (5)'s form a fundamental system of neighborhoods of 0. M is the completion of M w.r.t. the 
measure topology. 

Similarly, Nelson defines "K to be the completion of w.r.t. the translation invariant topology 
on J{ for which the sets 

0(e, 6) ={C£%\3P £ : ||Pell < t(P^) < 6} 

form a fundamental system of neighborhoods of 0. According to jNel Theorem 2], the natural 
mappings M — > M and !K — > are both injections. 

2.1 Theorem. jJV"e( Theorem 1] The mappings 



M- 


M 


T^T* 




M X M - 


M 


iS,T)^ 




M X M - 


M 


{S,T)^ 




IK X J{ - 


IK 




( + r], 


M X J{ - 


IK 




T^ 



all have unique continuous extensions as mappings M M, M x M — > M, M x M — > M, 
IK X IK ^ IK and M x IK — > IK, respectively. In particular, IK is a complex vector space and M 
is a complex *-algebra with a continuous representation on IK. 



For X E M define 

T)(M^) = G IK|x^ G IK} (2.1) 

and define : ©(M^) ^ IK by 

= x^, e G (2.2) 

Recall that a (not necessarily bounded or everywhere defined) operator A on IK is said to be 
affiliated with M if AU = UA for every unitary U € M'. 

2.2 Theorem. )JVe( Theorem 4] For every x E M, M^, is a closed, densely defined operator 
afRliated with M, and 

M;=M,*. (2.3) 

Moreover, for x,y G M, 

M^+y = IW^TMy, (2.4) 

M^.y = ■ My, (2.5) 

where A denotes the closure of a closable operator A. 
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A closed, densely defined operator A on has a polar decomposition A = V\A\, and if A is 
affiliated with M, then y E M and all the spectral projections (-^m ([0, t[))t>o belong to M. Put 

pn 

An = V tdE\A\{t). 

Jo 

Assuming that A is affiliated with M, we get that (^ra)^i is a Cauchy sequence w.r.t. the 
measure topology. Indeed, 

{An+k - An) ■ E\A\{[0,n[) = 0, 

and r(£'|^|([n, oo[)) ^ as n — > oo. Hence, there exists a E M s.t. An ^ a in measure, and 
according to Ne., Theorem 3], A = Ma- It follows that every closed, densely defined operator 
A affiliated with M is of the form A = Ma for some a E M, and this a is uniquely determined. 
Indeed, if Ma = Mj,, then a and b agree on D(Ma) which is dense in "K w.r.t. the norm topology 
and hence dense in IK w.r.t. the measure topology. Since the representation of M on IK is 
continuous, it follows that a and b agree on all of K. By the same argument, if S and T are 
closed, densely defined operators affiliated with M which agree on a dense subset of K, then 
S = T. 

In summary, M is the completion of M w.r.t. the measure topology but it may also be viewed 
as the set of closed, densely defined operators affiliated with M. In particular, if S and T belong 
to the latter, then Theorem 12.21 tells us that S* , S + T and S ■ T are also closed, densely defined 
and affiliated with M. 

2.3 Notation. In what follows we shall identify M with the set of closed, densely defined 
operators affiliated with M, but whenever necessary, we will specify which one of the two pictures 
mentioned above we are using. In general, lower case letters will represent elements of the 
completion of M w.r.t. the measure topology, whereas upper case letters will represent closed, 
densely defined operators affiliated with M. For x E M we will denote by ker(x), range(a;) and 
supp(a;) the kernel of Mx, the range of Mx and the support projection of M^, respectively. 



In the rest of this section we will study the set of idempotent elements in M, 

J(M) = {e E M| e • e = e}. (2.6) 

Alternatively, if M is viewed as the set of closed, densely defined operators affiliated with M, 
then J(M) is the subset of operators E fulfilling that E ■ E = E. 

The following proposition shows that J(M) is in one-to-one correspondence with the set of pairs 
of projections P,Q eM such that P aQ = and PV Q = 1. 

2.4 Proposition. Let E E J(M). Tiien the range of E, range(i?), and the kernel of E, ker(£') 
(which is the range ofl — E), are closed subspaces ofK, with 

range(S) n ker(£;) = {0} (2.7) 

and 

Tange{E) + keT{E) = K. (2.8) 

Moreover, T){E) = range(ii^) -|- ker(ii^). Conversely, if P, Q E M are projections with P AQ = 
and P V Q = 1, then there is a unique idempotent E e M with D(£^) = P(K) + Q^K), 
range(S) = i-'(K) and ker{E) = Q^K), and E is determined by 
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Proof. Write E = for a (uniquely determined) element e G M with e • e = e and recall from 
(EU) that 

V{E) = U G J{|ee G :K}. 
Let E ■ E denote the densely defined operator on 'K obtained by composing E with itself. Then 

V{E-E) = eV{E)\E^ eV{E)} 
= G V{E) I eE^ G ^K} 
= G I e^^ G ?{}. 

But = e as everywhere defined operators on "K. Hence, for ^ G T){E), 

e\ = ei = Ei, 

and it follows that D(E- E) = D{E) and that E -E = E (without taking closure). In particular, 
range(i?) C 1){E). Moreover, since E ■ E = E, 

range(^) = £ ViE) | = ^} = ker(l - E). 

According to IKRl Exercise 2.8.45], the kernel of a closed operator is closed. Hence, ker(ii^) and 
range(-E) = ker(l — E) are closed. Moreover, 

range(£;) n ker(l - E) = ker(l - E) n keT{E) = {0}. 

Clearly, range(i?) + ker(£^) C D{E), and since 

^ = EC + {1-E)C, 

the converse inclusion also holds. That is, 

Ti{E) = range(^;) + ker(£^) 

Let P and Q denote the projections onto range(S) and ker(ii^), respectively. Then by the above, 
P AQ = and PVQ = 1, and is the operator on V{E) = P{J{) + Q{:K) determined by (im . 
In particular, E is uniquely determined by its range and its kernel. 

Conversely, assume that P and Q are projections in M, such that P AQ = and PVQ = 1, and 
let E be the operator on 1){E) = P(Jf) + Q(J{) determined by (ESJ. Then clearly, E ■ E = E 
(without taking closure), range(£') = -P(3i), and ker(£^) = Q{%). Moreover, the graph of E is 
given by 

%E) = {(^ + ^,e)|^GP(J{),r/GQ(:K)} 

= {{u,v) (^•Kx'K\u-v (^Q{Ji),v P{^)}, 

which is clearly a closed subspace of IK x J{. Hence, E G J(M). ■ 

2.5 Definition. We define tr : J(M) [0, 1] by 

tr(e) = r(supp(e)), e G a(M), (2.10) 
where supp(e) G IP(M) denotes the support projection of Mg. 
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2.6 Remark. For every x G M, supp(x) ~ -Prangc(x) so one also has that for e G J(M), 

tr(e) = r(Prange{e))- (2-11) 

Throughout the paper we will, without further mentioning, make use of this identity. 

2.7 Proposition. Let ei,...,e„ G !J(M) (seen as everywhere defined operators on J{) with 
CiCj = when i ^ j. Then ei + • • • + e„ G J(M), and 

(a) ker(ei H h e„) = flLi ker(ej), 

(b) supp(ei H h e„) = VILi supp(ei), 

(c) range(ei H h e^) = VILi range(ei), 

fdj tr(ei H h e„) = X;r=i ^^i^i). 

Proof. It suffices to consider the case n = 2. The general case follows by induction over n G N. 
If ei, 62 G 5(M) with 6162 = 6261 = 0, then obviously, ei + 62 G J(M). 

(a) Clearly, ker(ei) n ker(e2) ^ ker(ei + 62). On the other hand, if ^ G ker(ei + 62), then 
= ej(ei + 62)^ = 0, (i = 1,2), whence ker(ei + 62) ^ ker(ei) n ker(e2). 

(b) Since supp(ei + 62) is the projection onto [ker(ei + 62)]"*", (b) follows from (a). 

(c) For a closed, densely defined operator S affiliated with M, range(5') = ker(S'*)-'-. Using that 
every idempotent has closed range (cf. Proposition 12. 4j) and applying (a) to e* + • • • + e* , we 
find that 

range(ei H h e^) = range(ei H h e^) 

= [ker(e^ + --- + e:)]^ 

n 

i=l 

n 

= \y range(ei). 

i=l 

(d) For i = 1, 2 put Pi = -Prange{ei)- Since 6162 = 6261 = 0, for ^ G Pi{^) H ^2(2^) we have that 

? = eiC = 6261^ = 0. 

Then by Kaplansky's formula (cf. |KRl Theorem 6.1.7]), 

PiV P2- Pi-^ P2- Pi/\P2 = P2, 

so that 

r(Pi VP2) =r(Pi)+r(P2). 
According to (c). Pi V P2 is the projection onto range(ei + 62), and then by Remark 12. 6| 

tr(ei + 62) = tr(ei) + tr(e2). ■ 
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2.8 Proposition. Let {en)^=i be a sequence of idempotents in M with enSm = ^men = 
when n ^ m. Then there is an idenipotent in M, which we denote by Yl'n=i ^n, such that 
Y^n=i^n I]^=ien in measure as N ^ oo. Moreover, supp(X;^=i /" supp(X;^=i Cn), 
whence 

CO CO 

suppf^e„j = \y supp(e,i), (2.12) 



n=l n=l 



and 



Also, 



tr(^e„) =^tr(e„). (2.13) 



n=l n=l 



oo oo 

range ( e^) = \/ range (e„). (2.14) 



?i=l n=l 



Proof. Let 



fn = Y.ek, nGN. (2.15) 



fc=i 



Then, according to Proposition 12.71 supp(/„) = Vfe=i supp(efc), and tr(/„) = X^fc=itr(efc). We 
prove that {fn)^=i is a Cauchy sequence in M. For n, A; e N, let 

k 

Pn,k = supp(/„+fc - /„) = \y supp(e„+i)- (2-16) 

Then 

so for every e > 0, 

k 

/n+fc-/„ GN(e,T(P„,fe)) = N(e, J];tr(e„+0)- (2-18) 

z=i 

Now, X]fc=i ti'(6fc) = *!■(/«) < 1) so for arbitrary 5 > Q there is an no G N such that 

oo 

tr(efc) < 5. (2.19) 

fc=no 

It follows from 1)2. 18() and ()2.19|) that when n > no and A; > 1, then fn+k — fn & N(e, 5). Thus, 
{fn)^=i is a Cauchy sequence in M. Put 

e = lim /„ G M. (2.20) 

For all A;, n G N, /„+fc/n = fnfn+k = fn, and hence 

efn = fne = fn, (2.21) 

so that e • e = e. 
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Let Pn = supp(/„) = Vfc=i supp(efc). Then Pn / P := Vfcli supp(efc) as n ^ oo, and 

oo n 

EiT{ek) = lim y'tr(efc) 
n— >oo ^— ' 
fc=l k=l 

= lim tr(/„) 

n— +00 

= lim T{Pn) 
n—>oo 

= tr(P). 

It follows from (|2.21|) that for every n G N, P„ ^ supp(e). Hence P < supp(e). On the other 
hand, for every n G N, — Pn) = 0, so 

e(l -P)= lim [Uil - Pn)] = (2.22) 

n— +00 

(the limit refers to the measure topology). Thus, supp(e) < P, and we have shown that 
supp(e) = P = VfcLi supp(efc) and that (|2.1.Sj) holds. 



In order to prove (|2.14|) . let ^ G range (em). Then = ^ and 

00 

Thus, 



n=l 



range ( y^Cn ) 5 \y range(e„). (2.23) 



n=l n=l 



On the other hand, we know that range |^ Yl'^=i ^nj ^ 3^, and since range ^ Y2n=i ^"j — V^i i'a'nge(e„) 
for all G N, we also have that 



00 00 
rangef en) ^ ( V i'ange(en)y, 



n=l 71=1 



where ~ denotes closure w.r.t. the measure topology. Intersecting by 'K on both sides of the 
inclusion, we get that 

00 00 

range(^^en^ C \y range (e^). (2.24) 

n=l ra=l 



This proves (|2.14)) . ■ 

We shall make use of the following theorem from For a published proof of it, we refer the 
reader to |Aaj . 

2.9 Theorem. 0J Let E and F be (not necessarily closed) subspaces ofK which are afhliated 
with M} Then E n F is affiliated with A, and 



EnF = EnF. (2.25) 



subspace i? of CK is said to be affiliated with M if for all T e M' , T{E) C E. Note that if E is affiliated with 
M, then the projection onto E belongs to M, and if E is closed, then this is a necessary and sufBcient condition 
for E to be affiliated with M. 
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2.10 Lemma. Consider idempotents e, / G M. Let P = -Prange(e)) Q = -frange(i-e); = 
^range(/) ^nd S = -Prangc(i-/) • Then ef = fe if and only if 

(P A i?) V (P A 5) V (Q A i?) V (Q A 5) = 1. (2.26) 

Proof. Clearly, 

1 = e/ + e(l - /) + (1 - e)f + (1 - e)(l - /). (2.27) 

Suppose that ef = fe, and let gi = ef, §2 = e(l - /), g-^ = {1 - e)f and = {1 - e)(l - /). 
Then gi,. . . ,g4 are idempotents with support projections Pi,P2,P3 and P4, respectively, such 
that 

4 

i=l 

Moreover, Pi < P A P, P2 < P A S, P3 < Q A P and P4 < Q A S". This shows that (j^^ holds. 
On the other hand, assume that ()2.26() holds. According to 1)2. 26p and Theorem 12.91 

IKo := V{ef) n 2)(/e) n [(P A P)(?{) + (P A 5) (IK) + (Q A P)(?{) + (Q A 5) (IK)] 

is dense in !K so it suffices to prove that ef and /e agree on IKq. To see this, let ^ G 23 (e/) n 
D(/e) n (PAP) (IK). Then 

e/e = = ^ = /e = /ee, (2.29) 

and similarly, when ^ G ©(e/) n D(/e) n (P A 5)(?{), ^ G V{ef) n D(/e) n (Q A P)(IK) or 
^ G 11(6/) n V{fe) n (Q A 5)(J{). Thus, ef agrees with /e on 5{o- ■ 

3 An idempotent valued measure associated with T G M. 

As in the previous section, consider a finite von Neumann algebra M with a faithful, normal, 
tracial state r. Inspired by the notion of a spectral measure we make the following defintion: 

3.1 Definition. Let (X, !J) denote a measurable space. An idempotent valued measure on (X, H) 
(with values in M) is a map e from into J(M) such that 

(i) e(X) = 1, 

(ii) e(Pi)e(P2) = e(P2)e(Pi) = when Pi, P2 G with Pi n P2 = 0, 

(iii) when (P„)^]^ is a sequence of mutually disjoint sets from 3", then Yln=i ^(-^n) converges 
in measure as A^ — > 00 to e ^ U5^i -^n) ' 

00 00 

n=l n=l 

Note that because of (ii) and Proposition 12.81 the limit in (iii) actually exists. 

From now on we will assume that M is in fact a type IIi factor. Recall from |HSj that for T G M 
and P C C a Borel set there is a maximal T-invariant projection P = Pt{B) G M, such that the 
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Brown measure of PTP (considered as an element of PJAP) is concentrated on B. Moreover, 
Pt{B) is hyper invariant for T, 

T{PT{B))=^1T{B), (3.1) 

and the Brown measure of P^TP^ (considered as an element of P-^JAP-^) is concentrated on 
B'^. We let %t{B) denote the range of Pt{B). Then the aim of this section is to prove: 

3.2 Theorem. Let T G M, and for B G B(C), let eriB) with D{eT{B)) = %t{B) + XriB'') 
he given by 

'^(^^^ - \ 0, u ^ ^ ^ 

Then eT{B) £ J(M), and B exiB) is an idempotent valued measure. 

The proof of this theorem uses various results which we state and prove below. The first one of 
these is a lemma which we proved in |HSj . but for the sake of completeness we give the proof 
here as well. 

3.3 Lemma. Let T G M, and let P £ M, be a non-zero, T-invariant projection. Then for every 
B G B(C), 

XT\^^^^{B) = XT{B)nP{:K), (3.3) 
where T\p(^r^) is considered as an element of the type IIi factor PJAP. 

Proof. Let Q G PJAP denote the projection onto %t\^,^AB), and let R = Pt{B) A P. We wih 
prove that Q < R and R < Q. 

Clearly, Q < P. In order to see that Q < Pt{B), recall that Pt{B) is maximal w.r.t. the 
properties 

(i) Pt{B)TPt{B) = TPt{B), 

(ii) IJ'Pj,(b)TPt(B) (computed relative to Pt{B)JAPt{B)) is concentrated on B. 
Since 

QTQ = QTPQ = TPQ = TQ, (3.4) 

and hqtq = fji-QTPQ (computed relative to QMQ) is concentrated on B, we get that Q < Pt{B), 
and hence Q < R. 

Similarly, to prove that R < Q, we must show that 
(i') RTPR = TPR, i.e. RTR = TR, 

(ii') ^iRTPR = fJ-RTR (computed relative to RMR) is concentrated on B. 

Note that if Pt{B) = 0, then R < Q, so we may assume that Pt{B) ^ 0. (i') holds, because 
i?(J{) = P(J{) n Pt{B){'K) is T-invariant when P(J{) and Pt{B){'K) are T-invariant. In order 
to prove (ii'), at first note that R['}i) is TP7^(i?)-invariant. Hence 

I^TPriB) = niR) ■ I^RTR + ri{R-^) ■ Hr±tR^, (3-5) 
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where n = r{PT(B)) ' t\pt{B)MPt{B)- It follows that 

Tl{R) • f^BTR{B^) < fXTPr{B){B') = 0, (3.6) 

and thus, if i? 7^ 0, then ^rtr{B'^) = 0, and (ii') holds. If = 0, then R < Q is trivially 
fulfilled. ■ 

3.4 Proposition. For every Borel set B C C, 

%T{B)=%T'{{By)^, (3.7) 
where A* := {z\z ^ A\ for A C C. Moreover, for all Borel sets A,B C C, 

XT{A)n%TiB) =XTiAnB), (3.8) 

and 

Xt{A UB)= Xt{A) + Xt{B). (3.9) 

Proof. Let B e B(C) and let P = Pt{B). Then P^ is r*-invariant, and 

l-ip±j^* P±{B*) = ^(^p±rp* p±y{B) = fip±'jpp±{B) = (3.10) 

(recall that concentrated on B^). Thus, concentrated on C\ B*, and 

maximality of Pt*{C \ B*) implies that 

Pt{B)^ = P-^ < PT*iC\B*). (3.11) 

Since 

t{Pt*{C\B*)) = fiT*{C\B*) 

= l-flT*{B*) 

= 1-MB) 

= r{PTiB)^), 

we get from flTTT} that Pt{B)^ = Pt*{C \ B*). 

Next, let A,B £ ]B(C). By maximality of Pt{A) and Pt{B), PriAnB) < Pt{A) A Pt{B), so 5 
holds in (|3.8|) . We let X := XriA) nXriB), and we let Q denote the projection onto X. Then, 
according to Lemma EiSl 

^ = ^T|3,^(^)(^) 

= ^T|,^(,)(^), 

proving that fJ-QTQ is concentrated on A and on B and therefore on A D B. Consequently, 
Q < Pt{A n B), so C also holds in (HU^ . 

Finally, we infer from 1)3 .7(1 and 1)3. 8() that 

3<:r(AUfi) = XTiiA^DBy) 

= XT*{{A^nBy)^ 
= XT*{{Ay n{By)^ 

= [XT'{iAr)nxT*imi]^ 

= Xt'{{A'')*)^ +XT*iiB<')*)^ 
= Xt{A) + Xt{B). m 
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It follows from Proposition 13.41 and Proposition 12.41 that for B G ]B(C), exiB) given by (|3.2() 
belongs to J(M), as stated in Theorem 13.21 

3.5 Lemma. Let {xn)^=i be a sequence in M, and suppose r(supp(x„)) — > as n — > oo. Then 
x„ — > in the measure topology. 



Proof. This is standard. ■ 

If 5 e M commutes with T e M, then for every B G B(C), Xt{B) and XriB") are S- 
invariant, and therefore S commutes with eT{B) as well. We prove that, as a consequence of 
this, [es{A),eT{B)] = for every A G B(C) 

3.6 Lemma. Let T G M, and let e G J(M) with [e,T] = 0. Then for every B G B(C), 
[e, eriB)] = 0. In particular, if S £ "M commutes with T, then [es{-), e.T{-)\ = 0. 



Proo f Let P = Prange(e), Q = ^rangc(l-e), R = -Prange(eT(B)) and S = Prangc(l-eT(B)) • We prOVe 

that (|2.26)) holds. Since eT = Te, P{'K) and QCK) are T-invariant. Then by Lemma l3.3| 

XT\,,^,iB) = XT{B)nP{J{) 

= R{J{)nP{J{), 

and 



= s{:K)nP{:K). 

Hence {R A P) y {S A P) = P, and similarly, (i? A Q) V (S" A Q) = Q. It follows that 
1 = P V Q = {R A P) V {S A P) V {R A Q) y {S A Q), 

as desired. ■ 

Proof of Theorem\EIE eT(0) = 0, because Pt(0) = 0. If 5i, ^2 G B(C) with 5i n ^2 = 0, then 
3<;t(-Bi) n Xt{B2) = {0}, i.e. range(eT(-Bi)) n range(eT(S2)) = {0}. According to Lemma HU)! 
[eTiBi),eTiB2)] = so that eT{Bi)eT{B2) G J(M). Moreover, 

range(eT(-Bi)eT(-B2)) ^ range(eT(-Bi)) n range(eT(-B2)) = {0}, 
and we conclude that eT{Bi)eT{B2) = eT{B2)eT{Bi) = 0. 

Now, let {Bn)'^=i be a sequence of mutually disjoint Borel sets. Then for each A'" G N we get 
from Proposition 13.41 and Lemma 12.71 that 

N N 

range (eT ( U Sn)) = Xt[\J 

n=l n=l 

= XTiBi) + ---+XT{BN) 

= range(eT(5i) H h eriBiy)) 
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and 

N N 



ker(eT(U^n)) = Xt{{\J B 

n=l n=l 
N 

n=l 

N 



n=l 

N 



fl ker(er(S„)) 



n=l 



= ker(er(Si) + --- + eT(SAr)). 

Since an element e in J(M) is uniquely determined by its kernel and its range, it follows that ct 
is additive, i.e. 

N 

CT^U Bn) =eT{Bi) + --- + eT{BN), (iV G N). (3.12) 

n=l 

Additivity of er implies that 

oo oo oo N 

eT ( U - 5^ er(Sn) = Jim^ (er ( U " ^ eT(5n))' 

n=l n=l n=l ra=l 

oo 

lim er( M 5„) (3.13) 
(the limits refer to the measure topology), where 

oo 

r(supp(eT( U Bn))) = t(^Pt[ \J B^] 



Af— >oo 

n=N+l 



n=N+l n=N+l 

oo 

n=N+l 

0, as — > oo. 



Combining this with 1)3. 13() and Lemma 13.51 we find that e-r is cr-additive as well. ■ 

Note that in the case where T is a normal operator, B i— > Px{B) is just the spectral measure of 
T, and eriB) = Pt{B). 



4 The Brown measure of a set of commuting operators in M. 

As in the previous section, let M be a type IIi factor. The purpose of this section is to prove: 
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4.1 Theorem. Let n G N, and Jet Ti, . . . ,T„ E M be commuting operators. Then there is a 
probabihty measure fiTi,...,T„ on (C", IB(C")), which is uniquely determined by 

n 

m,...,T„(5l X ••• X S„) =T(/\PT,(Si)), GB(C), (4.1) 

1=1 

where PT^{Bi) G M is the projection onto %Ti{Bi) (cf. Section 2). 
The idea of proof is as follows: 

As mentioned in the previous section (cf. Lemma l3.6() . if S" G M commutes with T G M, then 
[es{A),eT{B)] = for all A,B € M{C). We may therefore define a map eri,...,T„ from B(C)'' 
into a(M) by 

eTi,...,T„(5i, ...,Bn) = eTABi)eT,{B2) • • • erj^n), Si, . . . G B(C). (4.2) 
We will then define u on B(C)"' by 

u{Bi, ...,Bn)= T(supp[eTi,...,T„(Sl, • • • ,Sn)]) 

= T(Prange(eTi,...,T„{Bi,...,Bn))) ,^ ^, 

(4.3) 

= T(/\PT,(5^)), GB(C), 

and we will prove that v extends (uniquely) to a probability measure, fiTi,...,T„, on (C"',B(C")). 

4.2 Theorem. Consider uncountable, complete, separable metric spaces {Xi, di), . . . , (X„, dn)- 
Suppose V : B(Xi) x • • • x B(X„) ^ [0, oo[ is a map satisfying 

(1) for all B2 G M{X2),Bs G 1(^3), . . . , S„ G B(X„), S z^(S, S2, . . . , S„) is a measure on 
(Xi,B(Xi)), 

(2J for a]] G B(Xi), S3 G B(X3), . . . , S„ G B(X„), S zy(Si, S, S3, . . . , S„) is a measure 
on (X2,B(X2)), 

fuj for a]] Si G B(Xi),S2 G B(X2), . . . , S„_i G B(X„_i), S ^ u{Bi, B2, . . . , Bn-i, B) is a 
measure on (X„,B(X„)). 

Tiien tiiere is a unique measure on (Xif=iB(Xj), such that for all Si G B(Xi), S2 G B(X2), . . . , S„ G 
B(X„), 

^(Si X S2 X ••■ X Bn) = y{Bi,B2,...,Bn). (4.4) 

Proo/. According to [13 Remark 1, p. 358], {Xi,M{Xi)) is Borel equivalent to ([0, 1], B([0, 1])), 
i.e. there is a bijective bimeasurable map (jii : {Xi,M{Xi)) ([0, 1],B([0, 1])). Therefore we may 
as well assume that = M, (i = 1, . . . ,n). We may also assume that (^(RjM, . . . ,M) = 1. We 
define F : ^ [0, 1] by 

F(xi, ... ,x„) = z^(] - cx),xi], ...,]- oo,x„]), xi,...,x„gM. (4.5) 

Because of (l)-(n), F is increasing in each variable separately and satisfies 
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(a) if xl ' \ Xi, i = 1, . . . ,n, then F{x\ ' , . . . ,xii') \ F{xi, . . . 

(b) if Xi \ — oo for some i G {1, . . . , n}, then F{xi, . . . , x^) \ 0, 

(c) if Xj oo for ah i G {1, . . . ,n}, then . . . , 1. 

Then, according to |Bre[ Corollary 2.27], there is a (unique) probability measure /i on (M", ©(M")) 
such that for all xi, . . . , x^ G M, 

fi(\ - oo, Xl] X • • • x] - oo, x„]) = F(xi, . . . , x„). (4.6) 

Let X2, ■ ■ ■ ,Xn G M be fixed but arbitrary. Then the (finite) measures 

B fJ-iBx] — oo, X2] X • • • x] — 00, Xn]) 

and 

B u{B, ] - 00, X2], ...,]- 00, x„]) 
have the same distribution functions. Hence they must be identical. That is, for all B G B(R), 

^J.{Bx] - 00, X2] X ••• x] - 00, x„]) = I'iB,] - oo,X2],... ,] - 00, x„]). (4.7) 

Now, let Bi G B(M) and X3, . . . , x„ G M be fixed but arbitrary. Then (|4.7|) shows that the (finite) 
measures 

B /i(-Bi X i?x] — 00, X3] X • • • x] — 00, Xn]) 

and 

B ^ iy{Bi, B,] - oo,X3], . . . ,] - 00, x„]) 
have the same distribution functions, so they must be identical as well. That is, for all B G B(R), 

fi{Bi X Bx] - oo,X3] X • • • x] - 00, x„]) = iy{Bi,B,] - 00, X3], ...,]- 00, x„]). (4.8) 
Continuing like this we find that (|0|) holds. ■ 

It follows from Theorem 14.21 that in order to show that fiTi,...,T„ exists, we must prove that 
(l)-(n) of Theorem 14.21 hold in the case where Xi = ■ ■ ■ = X„ = C, and where v is given by 

(1231). 

From now on we will, in order to simplify notation a little, consider the case n = 2, and we will 
assume that S", T G M are commuting operators. It should be clear that the proof given below 
may be generalized to the case of arbitrary n G N. 

4.3 Lemma. For fixed yl G B(C), i^a : B(C) ^ [0, 1] given by 

ua{B) = u{A, B) = t{Ps{A) a Pt{B)), B G B(C) (4.9) 

(cf. dOj; is a measure on (C,B(C)). 

Proof. According to Theorem 13.21 and Definition 13. ![ 6^(0) = 0, so 

z.a(0) = T(supp[es(A)eT(0)]) = 0. 
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Let (Sn)^^ be a sequence of mutually disjoint sets from ]B(C). Thene-rf U^i-^n) = Z^^i^rC-Bn) 



so 



es{A)eT( \J Bj = J] es(A)er(i?n) (4.10) 



n=l n=l 



with es{A)eT{Bn)es{A)eT{Bm) = es{A)eT{Bn)eT{Bm) = when n ^ m. Hence, by Proposi- 
tion EH 



tT[es{A)eT[ U BA) = tr(es(^)eT(i?n)). (4.11) 



n=l n=l 

This shows that va is a measure. ■ 

It now follows from Lemma 14 .,31 and Theorem 14.21 that there is one and only one (probability) 
measure ^s,T on B(C'^) such that for all A, B £ B(C), 

M5,t(^ xB)= r(supp[e5,T(^, B)]) = t{Ps{A) A Pt{B)), (4.12) 

and this proves Theorem 14. II in the case n = 2. 

5 Spectral subspaces for commuting operators S,T E M. 

5.1 Theorem. Let S, T G M be commuting operators, and let C be any Borel set. Then 
there is a maximal, closed, S- and T-invariant subspace 3C = 'Xs,TiB) afhliated with M, such 
that the Brown measure ^J'S\■x,T\Jc concentrated on B. Let Ps^t{B) £ M denote the projection 
onto JCs,t{B). Then more precisely, 

(i) ifB = BiX B2 with 5i, ^2 G B(C), then 

Ps,TiB) = PsiBi) A Pt(S2), (5.1) 

(ii) ifB is a disjoint union of the sets {B^ x 5^^)^!, where ^ G M{C), k en, i = 1,2, 
then 

00 
k=l 



Ps,t{B) = V [PsiBr) A Pt{B^'% (5.2) 
(in) and for general B € B(C^), 



Ps,TiB)= f\ Ps,t{U). (5.3) 

BCU, C/CC2 open 

Moreover, 

fis,TiB) = T{Ps,T{B)), BeM{C^). (5.4) 



5.2 Remark. Every non-empty, open subset of = is a disjoint union of countably many 
standard intervals, i.e. sets of the form ni^=i]^«' ^«]' where —00 < ai < bi < 00, 1 < i < 4. 
Hence, it follows from Theorem 15.11 that the map B(C^) — > J'(M) : B Ps^t{B) is uniquely 
determined by its values on such standard intervals. 
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Proof of Theorem \5.1\ We let IK denote the set of sets of the form Bi x B2 with Bi,B2 S B(C). 

Consider an arbitrary sequence of mutually disjoint sets from K, [B^"^ x B^"^)^^-^, and define 

00 00 
Ps,t[ U (< X ^2'^)) ■■= V ^Ps{Bf^) A PT(Bf )]. (5.5) 

k=l k=l 

Clearly, P := Ps,T({]t=i{B? x 5?^)) satisfies that 

(a) P is S- and T-invariant. 

In addition, we prove that with JC = P(^), 

(b) f^s\x,T\x is concentrated on B := Ufcli(-Sf ^ x ^), 
and 

(c) P is maximal w.r.t. the properties (a) and (b). 

(c) will entail that the right-hand side of H5.5|) is independent of the way in which we write B 
as a disjoint union of countably many sets from IK, and hence, that Ps^t{B) does, as indicated 
by the notation, only depend on the set B. 

To see that (b) holds, note that if Q G M is any S- and T-invariant projection, and if we let 
£ = Q(J{), then by (glTl and Lemma ESI 

00 

k=l 
00 

= J2^QMQ{Ps\AB['^)APr\,{Bi'^)) 

k=l 
00 

= J2^qmq{Ps{b{''^) APriBi"^) AQ). (5.6) 

k=l 

Then using Proposition 12.81 we get that 

00 

t^s\x,T\AB) = ^tpmp{Ps{bP)/\Pt{bP)AP) 

k=l 

00 

= Y.^pmp{Ps{b[''')/\Pt{bP)) 

k=l 

^ 00 

= zr^.E^^i^s{B[%TiBi'^)) 
^ ' k=l 

' k=l 
^ 00 

= :^f{\/iPs{B['^)APT{Bi'^)]) 
= 1. 
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Thus, (b) holds. 

Now, suppose that Q G M is an 5- and T-invariant projection, and that fJ'S\^,T\^ is concentrated 
on B, where iL = Q(J{). Then by Lemma l3., 31 and Proposition I2.8[ 

oo 

PAQ = (\/[Ps{bP)APt{bP)])aQ 

k=l 

oo 

k=l 

^range(Er=ies|JBf')eT|JBf'))- 

Hence, Proposition 12.81 and (|5.6j) imply that 

oo 
k=l 

oo 

k=l 

oo 

k=l 
= 1. 

Thus, P A Q = Q, and this shows that (c) holds. 

As mentioned in Remark 15. 2| every open set [/ C may be written as a union of countably 
many mutually disjoint sets from K. Thus, we have now proved existence of Ps,t{U) for every 
such U , and for general B G B(C^) we will define 

Ps,t{B)-= a Ps,t{U)- (5.7) 

BQU, UCC^ open 

Then again, P := Ps^t{B) satisfies that 

(a) P is S- and T-invariant. 
Moreover, we prove that with % = P['K), 

(b) ^^s\y:,T\yi is concentrated on B, 
and 

(c) P is maximal w.r.t. the properties (a) and (b). 

These propterties will entail that when B happens to be a union of countably many mutually 
disjoint sets from K, then (|5.7|) agrees with the previous definition of Ps^t{B) (cf. (|5.5|l ). 

Now, to see that (b) holds, note that ^s\^^x\jc is regular (cf. |Fo( Theorem 7.8]), and hence 

^is\^^TW (B) = inf{Msk,Tk (.U)\BCU, UCC' open}. (5.8) 
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Let U be any open subset of containing B. Write C/ as a union of countably many mutually 
disjoint sets from K: 

oo 

U= U(Bp) x5f ). 
fe=i 

Then, according to (|5.6j) . 

oo 

f's\^,T\jU) = ^TpMp(^'5(i?fV^r(i?f )AP), 

k=l 

and using Proposition 12.81 and Lemma LS.ISI we find that 

oo 

f^S\^,T\AU) = trpMp(E^^k(<^)^Tu(5f )) 

k=l 

oo 

= rpMp{\/ [Ps\Jb['^) PTlJBi'^)]) 

k=l 

= tpmp(.Ps,t(.U) A P) 

= TPMP{P) 

= 1, 

where Ps,TiU) is given by H5.5() . Hence by H5.8|) . /^sij^.rix is concentrated on B. 

Finally, if Q G M is any S- and T-invariant projection, and if fJ-s\c,,T\c, is concentrated on B, 
where XL = Q(^), then Ais|^,T|£ is concentrated on U for every open set U containing B. Hence, 
by the first part of the proof, Q < Ps,t{U) for every such [/, and it follows from the definition 
of Ps,t{P) that Q<P. 

Concerning ()5.4() . note that if B = Bi x B2, where Bi,B2 E B(C), then, by the definitions of 
HS,T and Ps,TiB), (E31) holds. If 5 is a disjoint union of sets = (pf ^ x Pf 

where pf ^ G B(C), /c G N, i = 1, 2, then 

00 

A;=l 

00 



j;r(supp(e5(i?fVT(i?rO)). 



A;=l 

Applying Proposition 12.81 we thus find that 



fis,T{B) = r(supp(j]es(i?f^)eT(i?f 

k=l 

00 

= r( \/supp(e5(<)eT(i?f)) 



fc=i 

00 

r(V^'5,T(<xi?f)) 

k=l 

riPsHB)). 
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Finally, for general B G ]B(C^), since ij,s,t is regular, 

^S,TiB) = mi{^is,T{U) \B CUCC^, t/open} 

= inf{r(P5,T(f/))|-BCC/CC2, [/open} 

= ^( A Ps,t{U)) 

BCUCC^,Uopen 

= t{Ps,t{B)). m 

The proof given above may clearly be generalized to the case of n commuting operators Ti , . . . , r„ € 
M, so that Theorem 15. II has a slightly more general version: 

5.3 Theorem. Let n G N, let Ti, . . . ,Tn G M be commuting operators, and let i? C C" be 
any Borel set. Then there is a maximal closed subspace, JC = JCti,..., T„{B), affiliated with M 
which is Ti-invariant for every i £ {1, . . . ,n}, and such that the Brown measure fJ'Ti\x,...,Tn\x 
concentrated on B. Let PTi,...,Tn{B) G M denote the projection onto XTi,...,Tn{B). Then more 
precisely, 

(i) if B = Bix ■■■ X Bn with Bi G ]B(C), tiien 

n 

Pt,,...,tAB) = /\PTABi), (5.9) 

1=1 

(ii) if B is a disjoint union of sets (S^''))^! = (sf^ x ••• x ^i^^)^!, where G B(C), 
A: G N, i = 1, . . . , n, tiien 

oo 

Pt,,...,tAB)=\/ Pt,,...,t„,{B^'^), (5.10) 

k=l 

(Hi) and for general i? G B(C"), 

Pt,,...,tAB) = A Pn,...,TAU). (5.11) 

BCU, UCC" open 

Moreover, for every B G B(C"), 

f^T„..MB)=r{PT,,...,TAB))- (5.12) 

6 An alternative characterization of fis,T- 

In this final section we are going to give a characterization of the Brown measure of two com- 
muting operators in M, which is different from the one we gave in Theorem 14.11 Recall from 
|Broj that for T G M, the Brown measure of T, fix, is the unique compactly supported Borel 
probability measure on C which satisfies the identity 

r(log|T-Al|) = / log\z-X\dfiTiz) (6.1) 
Jc 

for all A G C. 

We are going to prove that a similar property characterizes fJ,s,T' 
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6.1 Theorem. Let S,T £ "M be commuting operators. Then iis,T is the unique compactly 
supported Borel probabihty measure on which satisfies the identity 

T{log\aS + (3T - 1\) = log\az + f3w-l\dfisT{z,w). (6.2) 

for all a, (3 G C 



6.2 Remark. Let S,T £ M be as in Theorem 16.11 Note that if fis,T satisfies (|6.2|) for all 
a, P G C, then for all a, (3, X £ C, 

T(log|a5 + ^r- Al|) = / log\az + f3w - X\dfj.sT{z,w). (6.3) 

This is clear for A 7^ 0, and for A = 0, ()6.3() follows from the fact that two subharmonic functions 
defined in C coincide iff they agree almost everywhere w.r.t. Lebesgue measure. It nowfollows 
from Brown's characterization of fJ-aS+pT that fJ-aS+fST is the push-forward measure h'a,^ of ij,s,t 
via the map {z,w) az + f3w. On the other hand, if v^^p = ^^s+pT-, then (|6.2j) holds. 

Recall from |HSj that the modified spectral radius of T G M, r'{T), is defined by 

r'(T) := max{|2;| | z G supp(/iT)}- (6-4) 
Also recall from |HS[ Corollary 2.6] that in fact 

r'(T) = lim ( lim ||T"|||y (6.5) 

6.3 Lemma. Let S", T € M be commuting operators. Then the modified spectral radii, r'{S), 
r'{T), r'{ST) and r'{S + T), satisfy the inequalities 

r'{ST) <r'{S) -r'iT), (6.6) 

and 

r'{S + T) <r'{S) +r'{T). (6.7) 

Proof. (|6.6() follows from (|6.5|) and the generalized Holder inequality (cf. jFKj ) : For A, B £ "M 

and foT < p,q,r < 00 with 7 = ^ + |, 

\\AB\\r < \\A\\p\\B\\g. 

To prove ()6.7() . note that 

supp(/is) C {z g C I Rez < r'{S)}, 

and 

supp(^t) Q {z €C\Rez < r'(T)}. 

According to |Bro| Theorem 4.1], n^s and fif,T are the push-forward measures of fis and fiT, 
respectively, via the map z e^. Hence, 

supp(//es) C {z e C| |z| < e'^'(^)}, 
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and 

supp(//eT) C {z e C| |z| < e'-'^^)}, 



and it follows from (|().6j) that 



_ r'{S)+r'{T) 



Thus, supp{ij.^s+t) C B{0, e'"'('^)+'^''(^)), and then, by one more application of |Bro[ Theorem 4.1], 

supp(/X5+t) C {z e C I Rez < r{S) + r{T)}. 
Repeating this argument, we find that for arbitrary 9 G [0,27r[, 

supp(/ie.fl(5+T)) C {z G C I Rez < r'iS) + r'(r)}, 

i.e. 

supp(//5+t) C {z g C| Re(e-'^z) < r'(5) + r'{T)}. 
Since 9 was arbitrary, we conclude that 



supp(//5+t) Ci?(0,r'(S) + r'(T)), 

and this proves (|6.7j) . ■ 

6.4 Lemma. Let S", T G M be commuting operators, and let a, (3 G C. Then f^aS,/3T is the 
push-forward measure of hs,t via the map ha,/3 : C x C — > C x C given by 

Kfi{z,w) = {az,Pw). 

Proof. Recall that HaS,/3T is uniquely determined by the property that for all .61,-62 G B(C), 

f^asMBi X B2) = TiP^siBi) A P/3t(52)). (6.8) 

Now, it is easily seen that for a / and (3^0, Pas{Bi) = Psi^^Bi) and Pi3t{B2) = Pt{^B2). 
Hence, 

^aS,/3T(5l X S2) = T{Ps{^Bl)^PT{^B2)) 

= ^.sHhBi >^ ^B2) 

= f^sAK^piBi X B2)). (6.9) 

If for instance a = 0, then P^siBi) = if ^ i?i and PasiBi) = 1 if G It then follows 
that (|6.9|) holds in this case as well. Similar arguments apply if /3 = 0. ■ 

Proof of Theorem \6.1i As noted in Remark 16. 21 it suffices to prove that for all a, /3 G C, fJ-aS+iST 
is the push-forward measure of fis,T via the map (z, w) az + f3w. At first we will consider 
the case a = (3 = 1. Define a : C x C ^ C by 

a{z,w) = z + 'w, {z,wGC). 
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We are going to prove that for all B G ]B(C), 

fis+T{B) = l^s,T{a'HB)). (6.10) 
It suffices to show that for every open set C/ C C, 

fis+TiU)>tis,Tia'HU)). (6.11) 

Indeed, if this holds, then by regularity of fis+T and a{fis,T), for every Borel set -B C C, 

fisMB) = mi{f,s+T{U)\B OU,U open} 
> mi{a{fis,T){U) \B CU, C/open} 
= fJ'S,Tia~'^B). 

Since both measures are probability measures, and the above inequality holds for both B and 
B^, we must have identity. That is, (|6.in|) holds. 

Now, let U C C be any open set. Then V := a~^{U) is open in and we may write 1^ as a 
countable union of mutually disjoint "boxes", 

oo 

y = (J I{Zn, 6n) X I{Wn,Sn), 
n=l 

where for z £ C and 6 > 0, 

I{z, (5) := {u; G C I Re{z) - 6 < Re{w) < Re{z) + 6, Im(z) -5 < lm{w) < lm{z) + 5}. (6.12) 
We can even choose Zn, Wn and > so that 

B{Zn + Wn,2V26n)QU. (6.13) 

This requires a little consideration and for the convenience of the reader, we provide an argument 
in Lemma l6. 71 below. 

Now, according to Theorem 15. 11 

fis,T{a-\U)) = t{Ps,t{V)) 

oo 

= r(\/ [Ps{I{Zn,Sn))/\PTiI{Wn,Sn))]), 
n=l 

and we also have that 

fis+T{U) = r{Ps+T{U)). 
Hence, it suffices to prove that for every n G N, 

Ps+t{U) > PsiliZn, 6n)) A PT{I(Wn,Sn)). (6.14) 

Fix n G N, and set P = Ps{I{zn,6n)) A PT{I{wn,Sn))- Then by Lemma lOj 

r'{[S + T - {zn + Wn)l]\p(:K)) < r'{[S - Znl]\p(:K)) +'r''{[T -Wnl]\p(:K)) 

< r'{[S - z„l]|pg(^(^„,5„))(^)) + r'([T - Wnl]\p^(i(y,„,Sr.))(ji)) 

< 2\/2(5„, 
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and it follows that ^s+T\p^:yf) is concentrated on B{zn + Wn, 2\/26n) C U. Hence, P < Ps+t{U), 
and we are done. 

Now, if a,(3 € C, then we conclude from the above and Lemma 16.41 that 

and since (a o ha^p)[z, w) = az + Pw, this completes the proof of the identity (|6.2j) . 

To prove uniqueness of ns,T, suppose that is a compactly supported Borel probability measure 
on which satisfies the identity ()6.2() for all a, /3 G C. That is, for all a, /3 S C, fJ-aS+iST is the 
push-forward measure of u via the map {z,w) az + p-w. Then, to prove that i' = ns,T, it 
suffices to prove that for all y = (yi, . . . , 2/4) G M^, 

/ e^(j^'^) d/is,T(x) = / e'(j''^Mi/(x) (6.15) 

(here we identify C with M^). For x = (xi, . . . , X4) G and y = {yi, . . . , y^) G M^, note that 

(y,x) = Re(^(yi - iy2){xi + 1x2) + (ys - 1^4) (3:3 + 1^:4)) , 
and hence with a = yi — 11/2 and (3 = ys — ly^ we find that 

/ e'(^'^)d^5,T(x) = / e'^^(°^+^'^)d^s,T(^,«;) 

3'^^M^<,S+/3t(^) 

as desired. ■ 

6.5 Remark. In the proof above it was shown that for [/ C C an open set, we have the following 
inequality: 

Ps+t{U) > PsHa'HU)). (6.16) 
But it was also shown that the two projections above have the same trace: 

t{Ps+t{U)) = f^sMU) = fis,T{a~HU)) = T{Ps,T{a'\U))). 

Hence, the two projections in (|6.16j) are identical, and by Theorem 15.11 fiii). for every Borel set 
i? C C, we must have that 

Ps+t{B) = PsMp'Hb)). (6.17) 

As in the previous section, one can easily generalize the proof given above to the case of an 
arbitrary finite set of commuting operators, {Ti, . . . , T„}. That is, we actually have the following 
alternative description of ^Tx,...,t„'- 
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6.6 Theorem. Let n S N, and let Ti, . . . ,T„ be mutually commuting operators in M. Then 
/^Ti,...,T„ is the unique compactly supported Borel probability measure on C" which satisfies the 
identity 

r(log laiTi + . . . + a„T„ - 1|) = / log\aiZi + . . . + anZn - M <il^Ti,...,T„{zi, ■ ■ ■ , Zn) (6.18) 
for all ai, . . . ,an & C 



6.7 Lemma. Define a : — > C by 

a{z, w) = z + w, 

and let U C C be an open set. Then for every pair (S, T) of commuting operators in M, we 
may write V := a~^{U) as a countable disjoint union of sets [l{zn,Sn) x I{wn,^n))^^i, ^^^^^ 
for z £ C and 5 > 0, 

I{z, 6) ■.= {wGC\ Re{z) -6 < Re{w) < Re{z) + 6, Im(z) -6 < lm{w) < Im(z) + 6}. 
Moreover, we can ensure that for each n G N, 

B{Zn+Wn,2V26n)<^U. (6.19) 

Proof. Divide into mutually disjoint "boxes" of the form I{z, 1) x I{w, 1). Take the countably 
many of these, {l{z^n^ , 1) x /(wi^^ , 1)) , which are contained in V and satisfy (|6.19|) (with 5„ = 1). 
Next, divide into boxes once more by cutting each of the previous ones into 16 boxes of 
equal size (edge lenght ^). Take those, (^I{zn\^) x I{wn\^)), which are not contained in 

I{zn^ , 1) X I(wn^ , 1) but which are contained in V and satisfy (|6.19j) (with (5„ = |). Continue 
like this and obtain a set Vq ^ ^ of the form 

oo 
m=l n 

We claim that this disjoint union is ah of V . Indeed, let (z, w) E V . Then z + w ^ U so there 
is an e > such that B{z + w,e) C U. Choose m G N so large that 2""^ < -^j^. Then, if 

\z - z'\ < ^22-"" and \w - w'\ < V22-"', one has that 

B{z' + w', 2\/22-™) C B{z + w, 4^/22-™) C U. 

Thus, when we have divided into boxes of edge length at most 2"™, then the one box 
containing {z,w) will satisfy (|6.19|) . Then it is just a matter of taking m so large that the box 
is also contained in y. It follows that (z, w) G Vq. ■ 

6.8 Remark. Let 5 G M be invertible, and let Ti, . . . , T„ be mutually commuting operators in 
M. Then 

/^5-iTi5,...,S'-ir„5 = m,...,T„- (6.20) 

Indeed, this follows from the characterization of /xti,...,t„ given in Theorem 16.61 and from the 
fact that for all T G M, Hg-irpg = fix (cf. |Broj ) . 
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6.9 Proposition. Let S,T £ "M be commuting operators. Then jisT is the push-forward mea- 
sure of fis,T via the map m : {z, w) ^ zw. 



Proof. The proof is essentially the same as the one we gave above when considering the map 
a : {z,w) 1-^ z + w. Again it suffices to show that for every open set U C C, 

l^sHU) > iMsA^'HU)), (6.21) 

and for such an open set U we write V := m~^{U) as a countable union of mutually disjoint 
"boxes" as in (|6.12|) . but this time we make sure that (5„ > is so small that 



B{ZnWn, V26n{\\T\\ + \Zn\)) C U. (6.22) 

As in the previous case, one only has to show that for every n G N, 

Pst{U) > Ps{I{Zn,6n))/\PT{I{Wn,Sn)). 

Fix n E N and set P = Ps{I{zn, ^n)) A PT{I{wn, ^n))- Since 

r'[[S - 2nl]|p(5C)) < r'{[S - ZnV\\ps[I{z„,S^))(:K)) < V2Sn, 

and 

r' {[T - Wnl]\p{:K)) < r' {[T - Wnl]\pj,(i(nj^,5„)){:K)) < ^^^n, 

and since 

ST - ZnWnl = {S - Znl)T + ZniT - Wnl), 

we have (cf. Lemma l6.3() that 

r'{[ST - ZnWnl]\p{:K)) < r'{[{S - Znl)T]\p(^:y{)) + \Zn\r'{[T -Wnl]\p{:K)) 

< r'{[S- z„l]|p(^))||r|| + \zn\r'{[T - Wnl]\p(:K)) 

< V25n{\\T\\ + \Zn\). 



Thus, /i^Tlpfjt) is concentrated on B{znWn, V25n{\\T\\ + \zn\)) C U, and therefore P < Pst{U), 
as desired. ■ 

6.10 Remark. As in the additive case, we infer from the proof given above that for every Borel 
set i? C C we have: 

PsT{B)=Ps,T{m-\B)). (6.23) 



6.11 Proposition. Consider type IIi factors Mi and M2 with faithful tracial states ti and T2, 
respectively. Let S £ Mi and T £ M2. Then 

fj'Sm,mT = ^5 ® MT, (6.24) 

and it follows that 

^5(g)l+l®T = IJ'S*IJ^T, (6.25) 

/^S(g.T = /U5*/^T, (6.26) 

where * resp.) denotes additive (multiplicative, resp.) convolution. 
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Proof. /i5®i+i0T {fJ-scsT, resp.) is the push-forward measure of Hs0i,iigiT via the map a : 
{z,w) 1-^ z + w (m : {z,w) ^ zw), resp.), and fj^s * fJ-T {fJ'S * I^T, resp.) is the push-forward 
measure of ^5 fix via that same map. Thus, (|H.25|) and (|6.2Hj) fohow from (|H.24|) . To see that 
the latter holds, let Bi,B2 G B(C). It is easily seen that 



Hence, 



Ps^iiBi) = PsiBi)^! and ^1557(^2) = 1 » ^¥(^2) 



/^5®i,i®r(Si X S2) = {n(E)T2)[{PsiBi)(E)l)nil0PTiB2))] 

= Ti{Ps{Bi))t2{Pt{B2)) 

= l^s{Bi)flT{B2) 

= ifJ-s fS) HT)iBi X B2). 



This proves (|6.24 



7 Polynomials in n commuting variables. 

In this final section we will prove: 

7.1 Theorem. Let n S N, and let q be a polynomial in n commuting variables, i.e. q E 
C[zi, . . . , Zn]. Then for every n-tuple (Ti, . . . , T„) of commuting operators in M, one has that 

/^g(Ti,...,T„) = q{fJ'n,...,Tn), (7.1) 
where q{f^Ti,...,T„) Is the push-forward measure of ij-Ti,...,t„ via g : C" ^ C. 

The proof relies on the previous sections and a few technical lemmas. 

7.2 Lemma. Given n £ N and commuting operators Ti, . . . , T„ G M. Let 1 < i < n. Then for 
all Borel sets A C and B C C""*, one has that 

Pt,,...,tM xB) = Pt,,...,tM)^Pt,+u-,tAB). (7.2) 

Proof. Fix Borel sets Ai, . . . ,Ai C C, put A = Ai x ■ ■ ■ x Ai, and let B C C"~* be any open set. 
Then we may write i? as a disjoint union of cartesian products of Borel sets Bm , i + 1 < i < ra, 
i.e. 

00 

B=[j ^) X . . . X . 

m=l 

Then by Theorem 15.31 (|7.2j) holds. Now, let B C C"~* be any Borel set. Then by Theorem 15. 3| 

Pt.+„...,tAB) = A Pt,+u-,tAU), 

BCU, U open 

and it follows from the above that 

Pn,...,TM)^Pn+^,...,TAB) = A ^Ti,...,T,(A)APr,+„...,T„(^) (7.3) 

BCU, U open 

A Pt„...,tMxU). (7.4) 

BCU, U open 
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Since PTi,...,r„(^ x B) < Pti,...,t„(^ x U) when B ^U, this imphes that 

Pn,...,TM)^PT.+u-,TAB) > Pn,...,TM X B). (7.5) 
On the other hand, (|7.4|) shows that 

T{PT,,...,TAA)^PT,^„...,TAB)) = ^^inf t{Pt„...,tM><U)) 

BCU, U open 
BCU, U open 

For fixed ^4 as above, the map B i-^ MTi,...,r„(^ x defined on Borel subsets of C"~* is a finite 
(hence regular) Borel measure. Therefore we conclude that 

r{Pn,...,TM)/\PT.+u-,TAB)) = /iT„...,T„(^xi?) 

= r{PT„...,TAAxB)). 

Comparing this identity with (|7.5() . we find that 1)7. 2|) holds for this particular A. Now fix an 
arbitrary Borel set B C C"^*, and proceed in the same manner. That is, at first assume that 
A C C* is open and verify that 1)7. 2() holds in this case. Then finally consider an arbitrary Borel 
set A. m 

7.3 Lemma. Let n G N and let a € C. Define an, mt^ : C"+^ C by 

) = {zi,...,Zn + Zn+l), (7.6) 
m'^\zi,...,Z„,Zn+l) = {Zl, . . . ,aZnZn+l). (7.7) 

Then for any (n + l)-tuple (Ti, . . . , T„+i) of commuting operators in M one has that 

/iTi,...,T„_i,T„+T„+i = an(m,...,T„+i), (7.8) 

and 

/iTi,...,T„_i,aT„T„+i = "l^"^(/iTi,...,T„+i). (7.9) 

Proof. The proof is based on Lemma 17.21 and the fact that by 1)6. 17() and 1)6. 23(1 , for any Borel 
set C C we have: 

Pt„+t„+AB) = Pt„,t„+A^-Hb)) (7.10) 

and 

PaT^T^^AB) = PaT„,T„+Am-\B)) = PT„,T„^A{m^"^)'HB)) ■ 

In order to prove H7.8() . consider arbitrary Borel sets Bi, . . . , Bn ^ C. We must show that 

m,...,T„_i,T„+T„+i(Sl X ■■■xBn)= Mri,...,T„+i«^(5l X • • • X Bn)), 

i.e. that 

{BiX...xBn)= flT„...,T„+^iBl X • • • X Bn-1 X O'^Bn)). (7.11) 

But by Lemma O and by (|7Tn|) . 

PTi,...,T„_i,T„+T„+,(i?l X ••• Xi?„) = PTi(i?l) A--- APT„_i(i?n-l) APT„+T„+i(i?n) 

= Pti(5i) a • • • a Pt„^,(S„-i) a PT„,T„+i(a-i(i?n)) 
= -Pti,...,t„+i(-Bi X • • • X X a~^(5„)), 
and this proves (|7.1H) . (|7.9|) follows in a similar way. ■ 
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7.4 Lemma. Let n S N, and let a £ Sn (the group of permutations of {1,2,..., n} ). Then for 
any n-tuple (Ti, . . . , T^) of commuting operators in M, 

/^T,(i),...,T,(„) = f^(m,...,Tj, (7.12) 
where identify a with the corresponding permutation of coordinates C" — > C". 

Proof. This follows easily from Theorem 14. II ■ 

7.5 Lemma. For n G N and 1 < i < n deiine fi'.C^^ C"+^ by 

/i (-21 ) • • • ) -2n) — (^1 ) • • • ! , ^Ij) . 

Tiien for n commuting' operators Ti, . . . , T„ G M, one has that 

m,...,T„,T, = fi{f^Ti,...,Tj- (7.13) 

Proof. Given Borel sets -Bi, . . . , -Bn+i ^ C we must show that 

m,...,T„,T,(i?l X • • • X i?„+i) = /iTi,...,T„(/r'(^l X • • • X Bn+l)). (7.14) 

Clearly, 

/ri(Si X • • • X Bn+i) = 5i X • • • X (5, n B„+i) X • • • 5„ 
so that the right-hand side of (|7.14|) is 

t{Pt, (Si) a • • • APt, {B^ n 5„+i) A • • • A PrJ^n)) = 

t{Pt, (Pi) a • • • a Pt. (P*) a Pt, (Pn+i) A • • • A Pt„ (P„)). 

But this is exactly the left-hand side of 1)7. 14() and we are done. ■ 

We will not give the proof of Theorem 17.11 in full generality but rather, by way of an example, 
illustrate how it goes. Consider for instance 3 commuting operators ri,r2,r3 € M and the 
polynomial q G C[zi,Z2, z^] given by 

q{zi,Z2,Z3) = l + 2z2 + Z1Z2Z3. (7.15) 

At first define (f>i : ^ by 

(j)l{zi,Z2,Z3) = {Z2,Z2,ZI,Z2,Z3). 

By repeated use of Lemma 17.41 and Lemma 17.51 we find that 

/^T2,T2,Ti,T2,T3 = <Pl{tJ-Ti,T2,T3)- 

Next define (/>2 : ^ by 

(j)2izi,..., Z5) = {2ziZ2, Z3Z4Z5), 

and by repeated use of (|7.9j) and Lemma mi conclude that 

/^2T|,TiT2T3 = i4>2 ° 0l)(^Ti,T2,T3)- 
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With (p3:C^^C given by 

'^'3(^1,22) = Zi+ Z2 

we now have (cf. (|7.8)) ) that 

/^{g-l){Ti,T2,T3) = ('^'3 o 02 o ^OC/iTi.Ta.Ts) = {Q - 1) {f^Ti ,T2 ,T3) ■ 

It is now a simple matter to show that for ah A G C, 

T(log|g(Ti,r2,T3) - Al|) = / log|z- A|dg(^Ti,T2,T3)(2;), 

Jc 

and then by Brown's characterization of l^q{Ti,T2,T3)y t^q(Ti,T2,T3) = 9(/^Ti,T2,T3), as desired. 
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